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ABSTRACT
In this paper, we deal with the problem of attribute selection from
partially uncertain data based on rough sets. We handle uncertainty
in decision attributes (classes) under the belief function framework. The simplification of the decision table yields to generate
more significant rules in quick time.
keywords: Uncertainty, belief function theory, rough sets, attribute selection, classification.
1. INTRODUCTION
A real world database always contains a lot of attributes that are
redundant and not necessary for rule discovery. If these redundant
attributes are not removed, not only the time complexity of rule
discovery increases, but also the quality of the discovered rules
may be significantly depleted. A problem of relevant feature selection is one of the important problems in pre-processing stage of
the whole modeling process studied in machine learning. There
are also several attempts to solve this problem based on rough set
theory [8] [19].
This theory constitutes a sound basis for data mining proposed
as a tool to discover patterns hidden in data. The rough set approach offers solutions to the problem of decision rule generation,
decision making and to solve the problem of attribute selection.
One of the ideas was to consider as relevant features those in reduct
of the information system [12] [13]. In fact, a reduct is a minimal
set of attributes that preserves the ability to perform classifications
as the whole attribute set does.
Another issue in real world database is the uncertainty, impression or incompleteness. This kind of data exists in many real-world
applications like in medicine where symptoms or diseases of some
patients may be totally or partially uncertain. Many researches
have been done to adapt rough sets to this kind of environment [6]
[7] [9] [15]. These extensions do not deal with partially uncertain
decision attribute values in decision system. This kind of uncertainty can be represented by the theory of belief functions. It is
introduced by Dempster [3] and Shafer [14]. The belief functions
has been proposed for modeling someone’s degrees of belief result
from uncertainty. It is considered as a useful theory for representing and managing total or partial uncertain knowledge because of
its relative flexibility. The belief function theory is widely applied
in artificial intelligence and to real life problems for decision making and classification. In this paper, we use the Transferable Belief
Model (TBM) one interpretation of belief function theory [17].

In this paper, we deal with the problem of attribute selection
from partially uncertain data based on rough sets. We handle uncertainty in decision attributes (classes) under the belief function
framework. The uncertainty exists in the decision attribute and not
in condition attribute values of the decision system. This uncertainty is represented by the belief function theory. We will adapt
the concept of the relative reduct and core in this context in order
to eliminate the superfluous attributes in the objective to generate more significant decision rules from our uncertain table using
rough sets. These decision rules learned from partially uncertain
table constitute a rough set classifier able to predict the class of
new objects. The new formulation of reduct and core in this new
context is based on redefined basic concept of rough sets such as
indiscernibility relation, set approximation and positive region.
This paper is organized as follows: Section 2 provides an
overview about the rough set theory. Section 3 introduces the belief function theory as understood in the transferable belief model
(TBM). Section 4 describes the basic concepts of rough sets under
uncertainty in order to redefine the new core and reduct needed for
simplification and feature selection.

2. ROUGH SETS
The idea of rough sets was proposed by Pawlak [10] [11] as a new
mathematical tool to deal with vague concepts. The main goal of
the rough set analysis is induction of approximations of concepts.
Rough set theory constitutes a sound basis for knowledge discovery database (KDD) as a tool to discover patterns hidden in data.
It can be used for feature selection, discretization, data reduction
and decision rule generation, etc.

2.1. Information and decision system
Information systems are the basic vehicles for data representation
in inductive learning algorithms. One can define an information
system [10] in terms of a pair A = (U, C), where U is a nonempty, finite set of objects (cases) called the universe and C is a
non-empty, finite set of condition attributes, i.e., c:U → V c for c
∈ C (V c is called the value set of attribute c).
In supervised learning, a special case of information systems
is considered, called decision systems (decision tables). A decision table is any information system of the form A = (U, C ∪ {d}),
where d ∈
/ C is a distinguished attribute called decision.
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-S is a measure of support of which the rule holds.
2.2. Indiscernibility relation
A decision system expresses all the knowledge about the model.
This table may be unnecessarily large. The same or indiscernible
objects may be represented several times. The objects Oi and Oj
are indiscernible on a subset of attributes B ⊆ C, if they have the
same values for each attribute in subset B of C.
The concepts of indiscernibility relation to partition training
instances according to some criteria. The equivalence classes thus
partition the object set U into disjoint subsets, denoted by U/B or
IN DB is called the B-indiscernibility relation. The partition that
includes Oj is denoted [Oj ]B .
IN DB = U/B = {[oj ]B |oj ∈ U )}

(1)

[Oj ]B = {Oi |∀c ∈ B c(Oi ) = c(Oj )}

(2)

A decision rule α −→ β may only reveal a part of the overall
of the decision system from which it was derived. The quantity S
gives a measure of how trustworthy the rule in drawing conclusion
β on the basics of evidence α, and is a frequency based estimate
of the conditional probability Pr( β/α).

S(α −→ β)=

|α−β|
|α|

After the lower and the upper approximations have been found,
the rough set theory can be then used to derive certain and possible
rules from them. Rules induced from the lower approximation of
the concept certainly describe it, so they are called certain.

Where
The equivalence classes based on the decision attribute is denoted
by U/{d}
IN D{d} = U/{d} = {[Oj ]{d}|Oj ∈ U )}

”if Age=16-30 and LEMS=50 then walk=yes” S=1
On the other hand, rules induced from the upper approximation of the concept it only possibly, so they are called possible.

(3)
”if Age=31-45 and LEMS=1-25 then walk=yes” S=1/2

2.3. Set Approximation
The concepts of indiscernibility relation is a natural dimension of
reducing data. Since only one element of the equivalence class is
needed to represent the entire class. Subsets that are most often of
interest have the same value of the outcome attribute. It may happen that a target concept cannot be defined in a crisp manner. In
other words, it is not possible to induce a crisp description of such
objects from table. It is here that the notion of rough sets emerges.
It is possible to delineate the objects that certainly have a positive
outcome, the objects that certainly do not have a positive outcome
and finally the objects that belong to a boundary between the certain cases. If this boundary is non-empty, the set is rough. These
notions are formally expressed as follows:
Let A = (U, C) be an information system and let B ⊆ C and
X ⊆ U . We can approximate X using only the information contained by constructing the B-lower and B-upper approximations of
X, denoted BX and B̄X respectively where
¯
BX = {x |[x]B ⊆ X } and B̄X = {x |[x]B ∩ X 6= ∅}
¯
The objects in BX can be certainty classified as members of
¯
X on the basis of Knowledge
in B, while the objects in B̄X can be
only classified as possible members of X on the basis of knowledge in B.

2.4. Decision rules
The rule presentation induced from a decision table is shown as
below:
α −→ β with S

2.5. positive region
P OSC ({d}) is called a positive region of the partition U/d with
respect to C, is the set of all elements of U that can be uniquely
classified to blocks of the partition U/{d}, by means of C.
where
[
P OSC ({d}) =
CX,
(4)
¯
X∈U/{d}
2.6. Dependency degree
Another important issue in data analysis is discovering dependencies between attributes. Intuitively, a set of attributes depends totally on a set of attributes C, denoted C ⇒ D, if all values of
attributes from D are uniquely determined by values of attributes
from C.
Formally, a functional dependency can be defined in the following way. Let D and C be subsets of attributes. D depends on
C in a degree k(0 ≤ k ≤ 1), denoted C ⇒k D, if
k = γ(C, D) =

|P OSC D|
|U |

(5)

If k=1 we say that D depends totally on C, and if k ≺ 1, we
say that D depends partially (in a degree k) on C.
The coefficient k expresses the ratio of all elements of the
universe, which can be definable classified to blocks of partition
U/D, employing attributes C and will be called the degree of
dependency.

2.7. Core and reducts

-α denotes the conjunction of the conditions that a concept must
satisfy.
-β denotes a concept that the rule describes.

In the previous section, we have investigated one natural dimension of reducing data which is to identify equivalence classes. The
other dimension in reduction is to keep only those attributes that
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preserve the indiscernibility relation and consequently set approximation. The remaining attributes are redundant since their removal does not worsen the classification. There are usually several
such subsets of attributes and those which are minimal are called
reducts.
In order to express the above idea more precisely, we need
some auxiliary notions.
Dispensable and Indispensable Attributes
Let c ∈ C, attribute c is dispensable in A if P osC ({d}) =
in A. Where,
P osC−c({d}). Otherwise attribute c is indispensable
S
the C-positive region of D: P osC ({d}) = X∈U/{d} CX and
¯
U/({d}) is the partitioning of the universe decision attribute.
Let A = (U, C, {d}), A is independent if all c ∈ C are indispensable in A.
Reducts
Given an information system A = (U, C) the definitions of
these notions are as follows. A reduct of C is a minimal set of
attributes B ⊆ C such that IN DB = IN DC . In other words,

3.1. Definitions
The TBM is a model to represent quantified belief functions [16].
Let Θ be a finite set of elementary events to a given problem, called
the frame of discernment. All the subsets of Θ belong to the power
set of Θ, denoted by 2Θ .
The impact of a piece of evidence on the different subsets of
the frame of discernment Θ is represented by a basic belief assignment (bba).
The bba is a function m : 2Θ → [0, 1] such that:
X

m(A) = 1

(8)

A⊆Θ

The value m(A), named a basic belief mass (bbm), represents
the portion of belief committed exactly to the event A.
Associated with m is the belief function, denoted bel, corresponding to a specific bba m, assigns to every subset A of Θ the
sum of masses of belief committed to every subset of A by m [14].
Contrary to the bba which expresses only the part of belief that one
commits to A without being also committed to Ā.
The belief function bel is defined for A ⊆ Θ, A 6= ∅ as:

P osB ({d}) = P osC ({d}).

(6)

So, A reduct is a minimal set of attributes from C that preserves the partitioning of the universe and the positive region, and
hence the ability to perform classifications as the whole attributes
set C does. In other words, attributes that do not belong to a reduct
are superfluous with regard to classification of elements of the universe.
Remark: Finding a minimal reduct (reduct with a minimal
number of attributes) among all reducts is NP-hard. This means
that computing reducts is not a trivial task. Fortunately, there exist
good heuristics based on genetic algorithms that compute sufficiently many reducts in often acceptable time.

X

bel(A) =

m(B)

(9)

∅6=B⊆A

The plausibility function pl quantifies the maximum amount
of belief that could be given to a subset A of the frame of discernment. It is equal to the sum of the bbm’s relative to subsets B
compatible with A.
The plausibility function pl is defined as follows:
pl(A) =

X

m(B), ∀A ⊆ Θ

(10)

A∩B6=∅

The basic belief assignment (m), the belief function (bel) and
the plausibility function (pl) are considered as different expressions of the same information.

Core
The set of all the condition attributes indispensable in A is
denoted by CORE(C). It is the intersection of all reducts in A.
CORE(C) =

\

RED(C)

(7)

Since the core is the intersection of all reducts, it is included
in every reduct. Thus, in a sense, the core is the most important
subset of attributes, for none of its elements can be removed without affecting the classification power of attributes.

3.2. Combination
Handling information induced from different experts (information
sources) requires an evidence gathering process in order to get the
fused information. In the transferable belief model, the basic belief assignments induced from distinct pieces of evidence are combined by either the conjunctive rule or the disjunctive rule of combination.
1. The conjunctive rule : When we know that both sources of
information are fully reliable then the bba representing the
combined evidence satisfies [18]:

3. BELIEF FUNCTION THEORY
In this section, we briefly review the main concepts underlying
the belief function theory as interpreted by the Transferable Belief
Model (TBM). This theory is also appropriate to handle uncertainty in classification problems [4] [5].
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X
B,C⊆Θ:B∩C=A

m1 (B)m2 (C) (11)
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2. The disjunctive rule : When we only know that at least one
Table 1: Uncertain decision table.
of sources of information is reliable but we do not know
which is reliable, then the bba representing the combined
evidence satisfies [18]:
Obj
H
M
T
Flu
X
O1
yes yes very high
m1 (yes) = 1
m1 (B)m2 (C) (12)
(m1 ∪ m2 )(A) =
O2
yes
no
high
m2 (yes) = 1
B,C⊆Θ:B∪C=A
O3
yes yes
high
m3 (yes) = 0.5 m3 (Θ) = 0.5
O4
no yes
normal
m4 (no) = 0.6 m4 (Θ) = 0.4
3.3. Discounting
O5
no yes
normal
m5 (no) = 1
In the transferable belief model, discounting allows to take in conO6
yes
no
high
m6 (no) = 1
sideration the reliability of the information source that generates
O7
no yes very high
m7 (yes) = 1
the bba m. For α ∈ [0,1], let (1-α) be the degree of confidence
O8
no
no
normal
m8 (no) = 1
(’reliability’), we assign to the source of information. If the source
is not fully reliable, the bba it generates is ’discounted’ into a new
less informative bba denoted mα :
mα (A) = (1 − α)m(A),

f or A ⊂ Θ

mα (Θ) = α + (1 − α)m(Θ)

(13)
(14)

For the patient O3 , 0.5 of beliefs are exactly committed to the
decision ud1 =yes, whereas 0.5 of beliefs is assigned to the whole
of frame of discernment Θ (ignorance).

3.4. Decision making

4.1. Indiscernibility relation

In the transferable belief model, holding beliefs and making decisions are distinct processes. Hence, it proposes two level models:

For the condition attributes, the indiscernibility relation U/C is the
same as in the certain case because their values are certain however, the indiscernibility relation for the decision attribute U/{ud}
is not the same as in the certain case. The decision value is represented by a bba. So, we need for optimal decision making to
assign each object to the right equivalence classes. The idea is to
use the pignistic transformation. It is a function which can transform the belief function to probability function in order to make
decisions from beliefs. We suggest, for each object Oj in the decision system U , compute the pignistic probability, denoted BetPj ,
by applying the pignistic transformation to mj .

• The credal level where beliefs are represented by belief
functions.
• The pignistic level where beliefs are used to make decisions
and represented by probability functions called the pigninstic probabilities denoted BetP and is defined as [17]:
BetP (A) =

X | A ∩ B | m(B)
for all A ∈ Θ (15)
| B | (1 − m(∅))

B⊆Θ

For every udi , a decision value, we define:

4. CORE AND REDUCT UNDER UNCERTAINTY
In this Section, a new approach for simplification partially uncertain decision system is proposed. We will remove the superfluous
and not necessary attributes for rules discovery. We will keep only
the features in reduct. It is a minimal set of attributes that preserve the ability of classification as the whole of condition attriutes
does. We will redefine the concept of core and reduct induced from
uncertain decision table in the objective of attribute selection.The
uncertainty is represented by the TBM and exists only in decision
attribute values. Hence, we will adapt the basic concepts of rough
sets such as indiscernibility relation, set approximation and positive region in order to redefine new core and reduct. First, we will
give an overview about this new situation : Our uncertain decision system denoted A contains n objects Oj , characterized by a
set of certain condition attributes C={c1 , c2 ,...,ck } and uncertain
decision attribute ud. We propose to represent the uncertainty of
each object by a bba mj expressing belief on decision defined on
the frame of discernment Θ={ud1 , ud2 ,...,uds } representing the
possible values of ud.

Xi = {Oj |BetPj (udi ) >= 0}

(16)

IN D{ud} = U/{ud} = {Xi |udi ∈ Θ}

(17)

Example: Let us continue with the same example, to compute
the equivalence classes based on condition attributes as the same
manner as the certain case as follows:
U/C= {{O1 }, {O2 , O6 }, {O3 }, {O4 , O5 }, {O7 }, {O8 }} and to compute the equivalence classes based on uncertain decision attribute
U/{ud} as follows: Table 2 shows the pignistic probability applying to each mj .

Example: Let us take Table 1 to describe our uncertain decision system. This latter contains eight objects, three certain condition attributes C={Headache, Muscle-pain, Temperature} and an
uncertain decision attribute ud=Flu with possible value {yes, no}
representing Θ.
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Table 2: Pignistic transformation to mj for Oj .
mj
m1
m2
m3
m4
m5
m6
m7
m8

BetPj
BetP1 (yes) = 1 BetP1(no) = 0
BetP2 (yes) = 1 BetP2(no) = 0
BetP3 (yes) = 0.75 BetP3(no) = 0.25
BetP4 (yes) = 0.2 BetP4(no) = 0.8
BetP5 (yes) = 0 BetP5(no) = 1
BetP6 (yes) = 0 BetP6(no) = 1
BetP7 (yes) = 1 BetP7(no) = 0
BetP8 (yes) = 0 BetP8(no) = 1
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CX1 ={{O1 }, {O7 }} and C̄X1 ={{O1 }, {O2 , O6 }, {O3 }, {O4 ,
The objects O1 , O2 and O7 are assigned to the equivalence
¯
class ud1 =yes. The objects O5 , O6 and O8 are assigned to the
O5 }, {O7 }}
equivalence class ud2 =no. The objects O3 and O4 are included
For ud2 =no, let X2 = {O3 ,O4 ,O5 ,O6 ,O8 }
in the two equivalence classes. So, the two equivalence classes
ud1 =yes and ud2 =no based on uncertain decision attribute are as
The subset {O8 } is included to X2 and has a certain bba.
follows: U/{ud}={{O1 ,O2 ,O3 ,O4 ,O7 }, {O3 ,O4 ,O5 ,O6 ,O8 }}.
Hence, we put it in the lower C X2 . The subsets {O4 , O5 } and
{O3 } are included to X2 . But,¯ they have uncertain bba. So, we
4.2. Set approximation
put them in the upper C̄X2 . The subset {O2 , O6 } is partially inTo compute the new lower and upper approximation for our uncercluded to X2 . So, we let it in the upper C̄X2 .
tain decision table, we follow two steps:
CX2 ={{O8 }} and C̄X2={{O3 }, {O2 , O6 }, {O4 , O5 }, {O8 }}
1. For each equivalence classes based on condition attributes
¯
C, combine their bba using the operator mean. In order to
4.3. Belief decision rules
check which of them has certain bba.
2. For each equivalence classes Xi based on uncertain decision attribute, we compute the new lower and upper approximation, as follows:

The decision rules induced from our new partially uncertain decision system are denoted belief decision rules where the decision is
represented by a bba.

CXi ={Oj |[Oj ]C ⊆ Xi and mj (udi ) = 1}
¯
In the lower approximation, we find all equivalence classes
included to Xi and have a certain bba.

Example : One of the belief decision rules induced from our
decision table for the object O3 is as follows :

C̄Xi ={Oj |[Oj ]C ∩ Xi 6= ∅ }
We compute the lower as the same manner as the certain
case.
Example: We continue with the same example to compute
the new lower and upper approximation. After the first step, we
obtain the combined bba for each equivalence classes U/C using
operator mean. Table 3 and Table 4 represent the combined bba
for the subsets {O4 , O5 } and {O2 , O6 }.
Table 3: The combined bba for the subset {O2 , O6 }.

If Headache=yes and Muscle-pain=yes and Temperature=High
Then m3 (yes) = 0.5 m3 (Θ) = 0.5
Hence, these rules could be simplified by removing superfluous attributes.
4.4. Positive region and dependency degree
With this new lower approximations, we can define the new positive region denoted U P osB ({ud}):
[
CX,
(18)
U P OSC ({ud}) =
¯
X ∈U/ud
i

Patient
O2
O6
m

m(yes)
1
0
0.5

m(no)
0
1
0.5

m(Θ)
0
0
0

So, we can compute the new dependency degree as follows:
|P OSC ({ud})|
(19)
|U |
Example: Let us continue with the same example, to compute
the positive region and dependency degree of A.
γ(C, {ud}) =

U P OSC ({ud})={O1 , O7 , O8 }

Table 4: The combined bba for the subset {O4 , O5 }.

γ(C, {ud}) =
Patient
O4
O5
m

m(yes)
0
0
0

m(no)
0.4
1
0.7

m(Θ)
0.6
0
0.3

3
8

4.5. Reduct and core
Using the new formalism of positive region, we can find the reduct
of C as a minimal set of attributes B ⊆ C such that:

Next, we compute the lower and upper approximation for each
equivalence classes U/{ud}.

U P osB ({ud}) = U P osC ({ud}).

(20)

The relative core is intersection of all reducts or is the set of all
indispensable attributes form C.

For ud1 =yes, let X1 = {O1 ,O2 ,O3 ,O4 ,O7 }
The subsets {O1 } and {O7 } are included to X1 and have a
certain bba. Hence, we put them in the lower C X. The subset
{O3 } is included to X1 . But, it has uncertain bba. ¯So, we put it in
the upper C̄X1. The subsets {O2 , O6 } and {O4 , O5 } are partially
included to X1 . So, we let them in the upper C̄X1 .

Example: Let us continue with the same example, to compute
the relative reduct of A.
U P OS{Headache}({ud})=∅
U P OS{M uscle−pain} ({ud})=∅
U P OS{T emperature} ({ud})={O1 , O7 }
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Our uncertain decision system can be simplified as follows:
[8]
Table 5: Simplified uncertain decision table.
Obj
O1
O2
O3
O4
O5
O6
O7
O8

M
yes
no
yes
yes
yes
no
yes
no

T
very high
high
high
normal
normal
high
very high
normal

Flu
m1 (yes) = 1
m2 (yes) = 1
m3 (yes) = 0.5 m3 (Θ) = 0.5
m4 (no) = 0.6 m4 (Θ) = 0.4
m5 (no) = 1
m6 (no) = 1
m7 (yes) = 1
m8 (no) = 1

The belief decision rules become more simple and shorter such

[9]
[10]
[11]

[12]

[13]

as :
[14]
If Muscle-pain=yes and Temperature=High Then m3 (yes) =
0.5 m3 (Θ) = 0.5.

[15]

5. CONCLUSION AND FUTURE WORK

[16]

In this paper, we have redefined the concept of relative core and
reduct for feature selection from uncertain decision system using
rough sets. We handle uncertainty in decision attributes (classes)
under the belief function theory as understood by the TBM. With
this simplification, the decision rules generated will be more significant, however finding optimal reduct is NP-hard problem. Hence,
we suggest as a future work improve our new approach by proposing an heuristic method to finding reduct.

[17]
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